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Abstract 

As for the solutions of the generalized Beltrami flows to the incompressible Euler equa¬ 
tions besides the solutions separating radius and axial components, there are only several 
solutions found as the Hill’s vortex solutions. We will present a series of vortex solutions in 
this category for the generalized Beltrami flows to the incompressible Euler equations. 
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It is a well-known fact for many years that the Hill’s spherical vortex is one of exact 
solutions to the incompressible Euler equations. A characteristic feature of the solution is 
that the vorticity only exists inside the sphere, where the vorticity lo is referred by the 
velocity u as 

LJ = V X It. (1) 

From a point of view in the differential equations, the Hill’s solution belongs to the 
solutions of the generalized Beltrami flows 


V X (li; X It) = 0 


( 2 ) 


to the incompressible Euler equations. One category ilZHUI [To] is made of the solutions 
separating radius and axial components in the cylindrical coordinates where the solutions 
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are described by the Bessel and exponential functions, the other is of the solutions as the 
Hill’s vortex solution which are non-separable as for radius and axial components where 
there are only several solutions found so far. 

The incompressible Euler equations 

du . 1 

— + w-Vu = —Vp, 3 

ot p 

V • w = 0, (4) 

where p is the pressure and p is the density, are the non-linear differential equations because 
of the existence of the second term of the left-hand side in (|^. The generalized Beltrami 
condition (|^ is a linearization condition for the equations. This is seen by taking the curl 
of ([^ as 

dijJ 

— -I- V X (lj X It) = 0. (5) 

As for the exact solutions to the incompressible Euler equations in this category, namely 
non-separable solutions, the Agrawal’^j^, the Berber’s [^, the O’Brien’s and the Wang’s 
solution are known besides the Hill’s vortex solution. These solutions are all axisymmetric 
flows which demand the conditions 


u{v,(p,z) = (6) 

= (0,a;^,0), (7) 


where we take the cylindrical coordinate {p,ip,z). When we introduce the Stokes stream 
function which automatically satishes the continuity condition Q, the equations 

(|^ reduce to 

dp \p dp) p dz‘^ 


Meanwhile Marris and Aswan! demonstrated that the only solution for these axisym¬ 
metric generalized Beltrami flows is that oj^ is proportional to p. Then (1^ becomes 


d'^'d 1 d'd d'^il) 2 

dp"^ p dp ^ dz"^ ’ 


( 9 ) 


where a is constant. There is a description ”A simple, but useful, set of solutions” i of @, 
which is 

i) = aip'^ + a2P^z‘^ + a^p^ + a4rfz + a^irf - I2p'^z^ + 8p‘^z‘^), ( 10 ) 

= a2'rf'z^ in ( (lOl ) is a special case of the Agrawal solution, but this is a separable case when other 
coefficient are all zero. 
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where 8 ai + 2a2 = —a, but a^’s are otherwize arbitrary. In order to genarate the right-hand 
side of (|^ , we have to put the term of or in ip, where the exact solutions above are all 
contained the either term or the both terms. In other words, the third,the forth or the hfth 
term of the left-hand side in ( 10 ) where the each coefficient 03,04 or 05 is arbitray, satisfies 
that the left-hand side of ([^ equals zero. 

The extention of the solution space for (|^ is to add higher power terms for rj and z which 
satisfy the same condition as 03 , 04 or 05 term. We present the result, a series of higher power 
terms, as 


ijj = aiT]"^ a2rfz^ + a^rj^ + 

n—1 

k=0 


( 11 ) 


where n > 3, an,o = 1 and an,k = 


(-4)^r(n)r(n + 1) 


ripik + l)r'(n — k)r{n — A; -I- 1 )' 


When the parameters are taken appropriately as 04 , 03,03 7 ^ 0 and other coefficients 
vanish in ([IT|), we reproduce the Wang’s toroidal vortex shown in Fig.l. 



Figure 1: 04 = 10,03 = = 1 / 8 . The streamsurfaces have pj = -0.005,-0.01,0,0.1,0.2 from 

the innermost to the outer side. 


The examples for higher order solutions are shown in Fig.2 and Fig.3. Their stream 
functions are 

p! = airf + a^if + c^irf — 24-1]^ z'^ + ASrj'^z'^ — ( 12 ) 


and 


pj = aiT]"^ + asT]'"^ + C 5 ( — AOrj^z"^ + IbOp^z"^ — 128t]^z^ -\ — —rj^z 


128 


, 2„8 


(13) 
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Figure 2: ai = 10,03 = — 1 ,C 4 = —1/8. The streamsurfaces have V’ = -0.005,-0.01,0,0.1,0.2 
from the innermost to the outer side. 



Figure 3: ai = 10,03 = — 1 ,C 5 = 1/16. The streamsurfaces have ip = -0.005,-0.01,0,0.1,0.2 
from the innermost to the outer side. 

respectively. 

Although we have to tune the parameters for a vortex like in the figures to appear in 
each orders, the higher order of rj and solutions we take, we get the streamsurface of r/ = 0 
in the shape of from an oval as the Wang’s vortex to more cylinder-like boundaries by the 
same order values of parameters. The toroidal vorticity UJ^p = arj in each case though, these 
vorticity solutions should be the solutions inside the streamsurface of '^ = 0. The reason is 
that the global vorticity often generates some disturbances in the streamsurfaces and this 
will be easily confirmed when we draw the figures in larger ranges of rj and ; 2 . 

So, the remaining work we have to do is that we pour the perfect fluid outside of the 
boundaries of '^ = 0 and connect these solutions to the outer solutions with no-vorticity like 
the Hill’s solution. 
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